
The 3-D Complex Variable Boundary Element Method

A current area of interest and research in mathematics and engineering is the accurate modeling of potential
flow through a space given a well defined (usually simply connected) boundary on that space.

For example, we may wish to know the value of temperature inside a solid object given that we know the
temperature at any set of points (a boundary) on the surface of the object.  Of course we could simply get a
thermometer, drill a hole in the object and take the temperature, but then the object would be permanently
changed, and in fact would then become a different object altogether.  We need a way to find out what we need
to know without damaging the object!

Other examples may be determining the concentration of a substance (like methane gas) in water or soil; or
finding the voltages occuring throughout a space... the list could go on and on.

Since we cannot physically measure the quantities we seek, we must approximate, as best we can, using

mathematical modeling techniques.  To do this, we assume that we develop a function which we call ),,(ˆ zyxF
which approximates the potential values we desire at each point (x, y, z) in a bounded, three-dimensional space.

The function that F̂  approximates is an actual potential function F .

The basis for our model is found in the two-dimensional Complex Variable Boundary Element Method
(CVBEM).

As an example of how this works, we will consider an object of the shape shown in Figure 1 below.  The three-
dimensional version of the CVBEM creates projection planes strategically oriented around the  object (See
Figure 2), implements the two-dimensional CVBEM in these planes, and then (magically) combines these
results for a least-squares best-fit polynomial to the three dimensional potential function, F .

Figure 1

Of course all of our results for F̂  found in this way are approximations using numerical methods for which the
theory is beyond the scope of this summary.  Suffice it to say, however, that an algorithm has indeed been
formulated to carry out the projection and integration required, and here we present some results from the
output of this algorithm.

Consider the object shown above with a singular “heat” source located directly above the spherical portion as
shown in Figure 3 below.  In this situation, we know the theoretical potential function to be:

Figure 2
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=F , where I is the intensity of the source and ),,( 000 zyx is the

location of the source.

The theoretical and approximate results are shown below.  What is shown is a vertical “slice” down the center
axis of the object, so that we are actually looking at points on the interior of the object.

Figure 4—Theoretical Values

Figure 3



Figure 5—Approximate Values

As you can see, there is a notable difference, but the good news is that our approximating function is following
the pattern that it should.  We hope that further experimentation with the location of projection planes and
number of basis functions will improve our numerical results.

As a final example, consider what happens if the boundary is not simply connected as we assume in our theory.
Just to see what happens we insert another boundary inside our object like a bubble, and a cold sink at the
center.  This is difficult to show graphically, but it would look something like this (Figure 6):

We see the results obtained with this arrangement here.

Figure 6



Figure 7—Theoretical Results

Figure 8—Approximate Results


