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ABSTRACT: 
 A scheme to randomly generate dust points on the surface of a three-dimensional 
object is proposed.  This scheme will potentially eliminate the bias of a density of points 
which are approximately equally-spaced on the surface, as well as eliminating possible 
weighting requirements for areas of higher density.   This method has the potential to  
reduce computational effort, as fewer points might be required to define the surface area.  
The global trial function vector can be assigned to these dust points and then entered into 
the Complex Variable Boundary Element Method (CVBEM) commercial code.  This 
scheme can be applied to each piece of a system that is comprised of a connected 
multiple geometry.  A noticeable benefit of this approach is that the same problem can be 
studied several times, using a new random distribution of surface points each time. The 
smallest error can then be determined and that run selected.   



   

1.  A Random Generation Scheme for Surface Points 
 
Several schemes for employing the CVBEM on the surfaces of three-dimensional objects 
exist.  Until now, no scheme randomly generated the points on the object’s surface, 
known as surface “dust.”  A noticeable benefit of the proposed approach is that the same 
problem can be studied several times, using a new random distribution of surface points 
each time. The smallest error can then be determined and that run selected.  Rather than 
forcing a specific grid on the surface, the proposed method allows for an independent 
covering of the surface with randomly-placed points.  We can choose that independent 
run which produces the minimum “expected” error in a least squares sense.  In [1], 
Antonelli investigated the accuracy of the CVBEM by increasing the number of planes 
and nodes in the problem.  He modeled the surface of an object by computing points that 
were equally spaced on the object’s surface.  His Matlab program created points with 
equal arc length between dust points.  We recreated his spherical geometry and then 
devised a code that generates the dust on the surface of the sphere and cylinder as 
randomly generated, non-equally spaced dust points.  Figure 1 shows a typical sphere and 
open cylinder, each generated using equally-spaced angles in spherical coordinates.   
 

   
Figure 1.  Sphere and Open Cylinder with Equally Spaced Latitude Rings 

 
Unfortunately, if a high density of points exists in a certain region, such as in the smaller 
latitudinal rings of the sphere, weighting may have to be introduced into the CVBEM 
solver to account for the bias due to high density.  Next, in Figure 2 we show a surface 
set with randomly-generated points.  There are 500 points on the surface of the sphere 
and 1000 points on the surface of the cylinder.  Even though some clustering of points 
might be apparent, this is a usual feature of randomness and not an intentional result. 
 



   

   
Figure 2.  Sphere and Open Cylinder With Randomly Generated Dust 

 
By inserting a solid inside the dust points (in Figure 3), we see that some of the points 
become hidden, as they are on the “reverse” side of the dusted object (thus, out of view). 
 

  
Figure 3.  Dust on the Surface of a Solid Sphere and Solid Open Cylinder 

 
This scheme potentially extends what Antonelli did is his 2003 work.  Instead of using 
points with equal arc length between them, the surface can be covered with dust in 
random locations.  Figure 4 shows sample dust points numbered and ordered from bottom 
to top of the sphere and cylinder (with 25 and 50 dust points, respectively).  In both 
illustrations, only the points visible on the surface facing the reader are seen, although all 
numbers are shown.  For example, several of the points are on the back side of the object.  
These points are not visible, but their numbered markers are shown to identify the 
random locations of points on the back side of the 3D region.  The ordering of points is 
user-defined. 
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Figure 4.  A Sample of Numbered Dust Points (left: n = 25, right: n = 50) 

 
Due to the randomly-generated points in this example, distances between points cannot 
be predicted.  The dust points are numbered and each point is assigned the value of the 
potential (or the transport phenomenon that is being evaluated).  A global trial vector is 
created.  This vector is then the input for a commercial CVBEM program and a solution 
is computed.   

 
2.  Multiple Connected Geometries 
 
The discussion above describes a method to randomize the locations of the dust points on 
a  well-defined, three dimensional geometric shape.  In particular, we exploit known 
equations for the geometries of these simple shapes as the maps from which to select 
random locations on their surfaces.  However, many regions of interest for CVBEM 
calculations may involve multiple connected geometries.  One such example is below, 
taken from Antonelli’s work in [1]. 
 

 
Figure 5.  Sample Geometry from Antonelli [1] 

 
In this example, the region of interest is composed of a sphere, a cylinder, and a truncated 
cone.  The locations of the dust particles are strictly deterministic in Antonelli’s model.  
Our objective is to randomize the dust locations across the entire surface area taken as a 



   

whole.  This poses two interesting considerations: the regions of contact between the 
subordinate shapes and the overall probability weighting assigned to each of the 
subordinate shapes’ surface areas with respect to the entire region as a whole.  
 
3.  Regions of Contact between Subordinate Geometries 
 
When two subordinate geometries of known size and dimension intersect, we must 
determine the joint surface area defined by the contact between the two surfaces.  In 
particular, we must consider the angle of incidence between the geometries and any 
possible overlap of their volumes.  Imagine the region of contact between the sphere and 
the cylinder in Figure 5 above.  Without overlap of their volumes and assuming that the 
cylinder is closed, the cylinder may intersect the sphere only at a single point of 
tangency.  In this case, the surface areas of the sphere and the cylinder are unchanged, 
and their angle of incidence with respect to the global coordinate system is irrelevant.  
However, we can easily imagine a scenario in which the volumes are allowed to overlap 
such that the entire circumference of the circular base of the cylinder is in contact with 
the surface area of the sphere.  For example, if the region in Figure 5 defines the external 
surface of  a space vehicle, the cylinder might intersect the sphere in this manner so that it 
could act as a passageway between the sphere and the truncated cone.  If we allow for 
overlapped volumes between the subordinate geometries as described above, we must 
subtract the overlapped regions from the surface areas of each of the subordinate 
geometries.  This occurs because the overlapped regions are no longer part of the surface 
area for the larger region of interest.  Because of the infinite combinations of the angle of 
incidence between the subordinate geometries and the extent of their overlapped volume, 
this calculation would need to be determined separately (without a generic formula) for  
any given angle and overlapped volume between geometries.  After determining the loss 
of surface area on each subordinate geometry caused by overlap, we can easily determine 
the revised surface area for each of the subordinate geometries. 
 
4.  Overall Probability Weighting 
 
After updating the surface areas for each of the subordinate geometries for known 
overlap, we can employ the randomization methodology described earlier for each of the 
subordinate geometries separately.  However, it would be inappropriate to weight the 
overall probability equally to each of the subordinate geometries.  If the sphere in Figure 
5 was much larger than either of the other shapes, then the sphere should receive a 
proportional weighting of the randomized points for the surface area of the entire 
CVBEM region of interest.  A solution to this problem is below. 
 

A.  Revise the surface area for each of the subordinate geometries by considering 
overlapped volume as described above. 
 
B.  Determine the ratio of the total surface area of the CVBEM region determined 
by each of the subordinate regions. 
 



   

C.  Use a uniform(0,1) distribution and a random number generator to determine 
which of the subordinate regions receives the next randomized dust point for the 
CVBEM region as a whole.  The ratio of the surface area of each subordinate 
region to the total surface area is used as the basis for this assignment, such that 
the regions that contribute to more of the overall surface area have a 
correspondingly higher probability of being chosen as the next region to receive a 
random dust particle. 
 
D.  After randomly selecting which of the subordinate geometries receives the 
next dust particle, use a second independent call to the random number generator 
and the appropriate probability distribution and mapping function to randomly 
assign a location for the next dust particle on the randomly selected subordinate 
region. 
 
E.  Ensure that the randomly selected coordinate is not part of an overlapped 
region.  If it is, randomly select a different point on the same subordinate region. 

 
The result is a proportionally-weighted, randomized scattering of dust points across the 
entire CVBEM region of multiple connected geometries.  If non-proportional weighting 
of surface dust is appropriate for a specific section of the problem’s geometry, a 
combination of user-defined proportions may be appropriate.  The entire surface dusting 
does not need to be randomly-generated. 
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