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B 1. ABSTRACT
f. ABSTRSL

A computer program for simulating the sampling distribution for the size of the

.TAvear flood is described in [1].

|1. KEY WORDS

An approximate formula due to Stedinger [2] allows

quick computation of the percentiles of a random variable from which the computation
an approximate sampling distribution for the T-year flood is easy. The program dis—
ssed below computes these approximate percentiles for 5% (5%) 95%.

T-year Flood, Confidence Interval, Sampling Distribution, Log Pearson 111,

Distribution

[11. INTRODUCTION

Octaining a confidence interval ana an
empirical sampling distribution for the T-year flood by
means of a simulation has been described in [1].
Stedinger derived an approximate expression for these
confidence intervals in [2] using a variance formula
due to Kite [3], In [4) it was shown, by means of
comparison with simulations, that this formula is
actually accurate for determining the entire sampling
distribution of a random variable, which was there
called the "non-central gamma distripution", from which
the sampling distribution for the T-year flood is
derived. In oroder to do this comparison, a program was
developed which computes the percentiles 5%(5%)95% by
means of S5tedinger’s formula. This program is discussed
below.

IV.MATHEMATICAL DISCUSSION

Stedinger, in (2], uses Kite's formula for the
variance of the sample estimate {_ ot the p-th
percentile of a Pearsan I[Il distribution with known
skew coefficient ana thereby derives an approximate
confidence interval for the actual percentile y_ ; see
his equations (20) and (21). His success in using this
formula to construct correct confidence intervals
suggests that his formula might even be accurate far
determining the gq-th percentile T tor the naon-central
gamma distripution, and this was shown to be so in (47,

The logarithm X of the yearly peak discharge is
assumed [5] to have a Pearson type 111 gistributian
with density function

fUx)=(1/1alr (b))l ix~c)/alP texp-Tx-c)ral (1)
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where,in the case of positive a, the density is given
by (1) for x>c and is zero for x<c, while in the case
of negative a the densily is given by (1) for x<c and
is zero for x>c. Computing the mean u, standarg
deviatiogn ¢, and skew 7 trom (1) shows that {see, for
example (51])

T azb
Te=4/b, (2}
u=c+ab

where a has the same sign as 7.

when restated in terms of the percentiles of
the non-central gamma gistribution, Stedinger’s formula
ig:

FQ:K9+\quEuJ—:pJ (3)

The index g is retated to the T-year fiood by
p=1-1/T, and the constant z,. is the p-th percentile taor
a normal N{O,1) distribution. The consiant Kp is given
by

K =ttt -blifb for a2,

B P
Kp={DAtjfp]fJb tor a<0.

in which 1_ and ty.p are the 100p-th ang 100(1-pl-th
percentiles of a gemma Gistribution with scale
parameter | and shape parameler o, and which can be
obtained by applying the Wilson-Hilterty trapsformation
(6] to either 2z_ or 7y The factor A is a positive
number given by Kite's varianca formula
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2_ 2 2
M=K+ 5) (14,7577 0K, J/(1+.5zp?1 (5)

To use formula (3) we now need ta fing L.(p), where
Lglpl)dm is the q-th percentile for the non-central t-
distribution with non-centrality parameter &=z Jm,
which was discussed briefly in {1]. This non-central T-
distribution is well-known and its q4-ih percentile can
be found by means of a double numer ical integration,

V.PROGRAMMING DISCUSSION

To evaluate formuia (3) the gamma percentile t
or ty_, must pe found. The function: “Normalf*", P
“Inversef", ana "Wilson-Hilferty" are the same as in
the program in [11, and the percentile is computed the
same way it i5 computed in that pragram,

The density function for the non-central t-
distribution with v degrees of fraedom and non-
centrality parameter &, is [7]:

2 2 250941 )1/
Cexpt-ve2/a(wat? Nevrvet IV 200 gy uen?)  (6)

where the normalizing constant C, swe the function
"constant” in the program 1isting bulow, is choosen so
as to have area one under the density curve.

The function Hh, which occurs in the density is
detined by

HRy (yd=(iv D) [StYexp-(tay) 2230t (1)

An integration by parts establisheés a recursion formula
tor the function Hh, in terms of Hh, , and Hh In

the program we begin with Hhg, to which we apply Hasting’s

approximation for the error function [B, page 2991, and
an, which can be integrated in terms of Hng, and use
this recursion to compute Hh,. See the functions "erfc"
and "Hh" in the program listing.

Once Hh, is computed it is sasy to evaluate the
density which is done in the function “density". Then
the distribution function F can be svaluated at any
point x by a numerical integration. fhe limits for this
integration are found in "1imits” and the integration
is done in functions "sumit" and "SYimpsan",

The program compules ninetesn percentiles and
50 s0lves the equation

F(x)=p (8)

for nineteen values of p, where each evaluation of the
density function F involves the inleyration discussed
above. Consequently HNewtaon’'s method was used because of
its rapid convergence to the solution of (8). In order
for Newton's method to converge at all, a good starting
value is needed, which is why Newtlun's method was not
used in the function "InverseF". To yet these starting
values, the procedure "probint" begins with the non-
centrality value &8, which is a gooed jyuess for the S50-th
percentile, and then proceeds down lu the S-th
percentile and up to the 95-th percontile by using the
previously computed percentile as a nlarting guess for
ihe adjacent percentile.

The program requires the number ot data points
and the skew coefficient as input. lhe output is a
table of the approximate percentiles 5%(5%)95% of the
non-central gamma distribution. The percentiles given
in the sample output below can be cuampared with the
simulated percentiles given in the sample output in
L1). A more extensive comparison is ylven in [4].

The program "Stedinger”, described above and
listed below, was written in Turbo-Pascal, with 8087
support, an the [BM PC., A run like Lhe sample velow
Lakes about tour minutes with the Auu/ Lhip. Recall
that the simulation of these values larkes an vrder ot
magnitude longar i1J.
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VII.SAMPLE QUTPUT

Stedinger's approximate percentiles
for the 19@.9 year flood

number of data points = 30
skew = @.25

Kp
tp

2. 50907
84.07257
Zp = 2.32835
lambda = 1.15251

Percentile = Kp+lambda*(zeta-Zp)

Percent Percentile Zeta

5 1.94816 1.83366
19 2.96381 1.940@1
15 2.14608 2.861139
20 2.214129 2.97040
25 2.27440 2.12273
32 2.33819 2.17114
35 2.38332 2.21723
4@ 2.43506 2.26213
45 2.48640 2.39668
50 2.53821 2.35163
55 2.:59133 2.397712
[51%} 2.64671 2.44577
65 2.70549 2.49677
79 2.76920 2.552086
75 2. 84008 2.61356
8@ 2.,92173 2.68449
85 3.02071 2.77028
9@ 3.15145 2,88372
95 3.355911 3.063%99
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¢111.PROGRAM LISTING

Frogram stedinger;
{Ted Hromadka, Williamson and Schmid, 17782 Sky Park Blvd., Irvine, CA 92714

Robert Whitley, Dept. of Math., Univ. of Ca., Irvine, CA 92717

1986

}

{This program computes percentiles for the "non-central gamma distribution”,
see K. Whitley and T. Hromadka II, Estimating 1@@ Year Flood Confidence
Intervals, to appear, by using Stedinger’s approximate formula, for which
see Confidence Intervals for Design Events, Jery Stedinger, J. of Hydraulic
Engineering 1@9(1981)13-27. Input is the number of data points and the skew
coefficient. Output is the approximate percentile points for Bb%(5%)95%.

var

nodatapoints:inteder; {no of data points in sample}

gamma:real,

b:real;
gammanotzero:boolean;
gammapositive:boolean;

{skew coefficient?

{b=4/sqrt(gamma) }

{true if abs(gamma)> @1, else gamma -@}
{true if gamma >.91}

T:real; {the T year flood}

tp:real; {F(tp)=1-1/T; F the normal d.f.
for gamma = @, else F the gamma
d.f. with shape parameter b.?}
Kp:real; {the point estimate for the
design value is mean+s.d.*Kp}
Zp:real; {{1-1/T)-th percentile for N(@,1), corresponding

to the T year flood}
{Stedinger’s fudge factor to convert
non-central t percentiles to
Pearson 111 percentiles.}
p:arrayll..19] of real; {pl[j)l is the 5%j-th percentile of the
noncentral t-distribution with nocentrality
parameter d-sgrt(nodatapoints)*ip}
{zeta = pljl/sqrt(nodatapoints)}

lambda: real;

zeta:real;
temp:real;
jiinteger;

function NormalF{x:real):real;
{see Abramowitz and Stegun, Handbook of Mathematical Functions
page 932. NormalF is the distribution function for a normal
N(@,1) random variable.
b
const
p = @.2316419;
bl =@.319381539;

b2 = -@.356563782;
b3 = 1.781477937;
b4 = -1.821255878;
b5 = 1.330274429;
var

temp, temp2, t: real;

begin {function NormalF?}
t:=1/{1+p*x);
temp: =bd+bb*t;
temp:=b3+temp*t;
temp: =bZ+temp*t;
temp: =bl+temp*t;
temp: =temp*t;
tempz::exp(—x*XIZ)/sqrt(Z*pi);
NormalF:=1-tempZ*temp;

end; {function NormalF}
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function InverseF(p:real):real;
{finds x such that F(x)=p by interval halving
¥
const
small = 18E-8;
var
x1,x2,x3:real;
F1,F2,F3:real;

begin {function InverseF}

x1:=0;
Fl:=NormalF(xl1};
Py ab B

F2:=NormalF(x2);
while p > F2 do begin

*x1r=x2;
F1:=F2;
x2:=x2+1;

F2:=NormalF(x2);
end; {of while}

repeat
x3:=(x1+x2)/2;
F3:=NormalF(x3};
if F3 > p then
begin
x2:=x3;
E2:i=F3;
end{of if}
else
begin
x) 1 =x%3;
F1:=F3;
end;

until FZ-F1 < small;

InverseF:=(x1+x2)/2;
end; {function InverseF}

Function WilsonHilferty(t,shape:real):real;

{A call to WilsonHilferty(t,shape), with t normally distributed,
returns a variable which has (approximately) a gamma
distribution with a (shape) parameter "shape".

See Kendall and Stuart, The Advanced Theory of Statistics,
Vol.I,page 48@, and see Mathur, A Note on Wilson-Hilferty
Transformation of Chi-squared, Bull. of the Calcutta Stat.
Assoc, 18(1861)103-105 for a discussion of the error in this
approximation. It is very good as long as the number of 4.f,
which is 2b when you convert gamma, with shape parameter b,
to chi-sgquared, is >14.

var
temp: real ;

begin
temp:=1-(1/(9*%shape))+t*sqrt(l/(9%shape));
temp: =exp(3%Iln({temp) ) ;
WilsonHilferty:=shape*temp;

end; {function WilsonHilferty}

procedure probint(n:integer;d:real);

{probint computes the j*¥5 percentiles pl[jl, an array global to the
program stedinger, j=1..18, for a noncentral, t-distribution with
n degrees of freedom, in this application n=nedatapoints-1, and
noncentrality parameter d = sqrt{n+l)*Zp in this application.
¥

var

L:integer; {lower bound for the limit
of integration}

U:integer; {Upper bound for the limit

of integration}
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—
c:real; {normalizing constant for the
' density function}
t:real; {percentile: want F(x)=pt}
initialguess:real; {for Newton}
temp:real;
j:integer;
function constant(n:integer):real; {**x*xpnested in probint}

{computes the normalizing constant ¢ for the noncentral t

}
var
j,k:integer;
cireal;
begin
k:=n div 2Z;
if odd(n) then
begin
c:=exp(k*1n{2))*sqrt(n)/pi;
for j:=1 to k do begin
ci=c¥§;
end; {for}
constant:=c;
end{if thenJ}
else {even n}
begin
c:=sqril(k/pi);
for j:=1 to k do begin
ci=ck(2%5-1);
end; {for?}
constant:=c;
end; {else}
end; {function constant}

function erfc(x:real):real; {**x*x*pnested in probint}

{(See Abramowitz and Stegun, page 299, for Hasting's erf approximation.

This is for = positive.

}

var

azarray[@..5] of real;

t,temp:real;

jiintegder;

begin
al@]:=@.3275911;
t:=1/(1+al@1*x);
al1]:=@.2548295892;
al2]:=-0.284496736;
al[3]1:=1.421413741;
ald4]:=-1.453152027;
al5):=1.061405429;
temp:=albl;
for j:= B downto 2 do begin

temp:=t*¥temp+al j-11;

end; {for}
erfo:-txtemp*exp( —x*x)

end; {function erfc}

function Hh(n:integer;x:real):real; {****x*nested in probint}
{See Abramowitz and Stegun, page 691 and page 300.
Using Hasting’s erf approximation for Hh(®,x)
and then using recursion to get Hh{n,x) is done in both
G.J. Resnikoff and G. J Lieberman, Table of the Non-central
t-Distribution, Standford. U. Press, 1957, and M.0.Locks,
M. J. Alexander, and B. J. Byars, New Tables of the Noncentral
t-Distribution, Aerospace Research Laboratories Report ARL 63-19,
Wright-Patterson Airforce Base, Ohio, 1873
}
var
h@,hl,h2:real;
jiinteger;
begin
if (x>@) then
begin
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h@:=sqrt(pi/2)*erfcl(x/zqrt(2)); {using Hasting’s for h@ gives an error}

end {on the order of 1@ to the -7. This
else {can be the size of Hh itself for
begin {modest size x,e.g.n=2, x=5.

h@:=sqrt(pi/2)*(2-erfcl(-x/sqrt(2)));

end; {else}

hl:zexp(-x%x/2)-x*h@;

for j:=2 to n do begin
hZ2:=(1/5)*%(hB-x*h1);
h@i:=h1;
hl:=h2;

end; {for}

Hhi=h2;

end; {function Hh}

function density(x,d,c:real;n:integer):real; {*¥%x*x*nested in probint}
{This 1is the density function for the noncentral t-distribution.
Abramowitz and Stegun have the wrong normalizing constant on

rage 949; see function constant for the correct value which is given

in, e.g., Tables of the Noncentral t-distribution, G.J. Resnikoff and

G. J. Lieberman, Standford U. Press, 1957. For efficiency, this
normalizing constant is passed as ¢ from the main calling program.

The constant d is the noncentrality parameter delta, n is the number

of degrees of freedom, and x is the point at which the density is

being evaluated.

var
temp:real;

begin

temp: =ckexp(((n+1)/2)*In{n/(n+sqrix))));

temp: —tempXexp(-(h*sqr(d))/(2*(n+sqri(x))));

density:=temp*Hh(n, (-(d*x)/sqrt({n+sqr(x))));

end; {function density}

prrocedure limits(var L,U:integer); {****x*nested in probint}
{Limits establishes a lower value L and the upper value U so that
the integral from L to U is approximately one.

b4
}
}

¥
const
small=10E-Q@6 ;
begin
L:=round(d); {approximate expectation of noncentral t is d=delta}
repeat
L:=L-1;
until (density(L,d,c,n)<small);
U:=round(d);
repeat
O:=0+1;
until (density(U,d,c,n)<small);
end; {procedure limits?}
function f(x:real):real;
begin
f:=density(x,d,c,n);
end; {function f}
function sumit{ec,h:real ;m:integer): :real; {***x*k*nexted in probint}
iconverts density(x,d,c,n) to f(x) for use by Simpson integration
var
tpoint, tsum:real;
J:integer;
begin
tsum:=g;
tpﬂint::c;
for 5:20 to m do begin
tsum::tsum+f(tpoint);
tpoint:=tpoint+h;
end; {for}
Sumit:=tsyupy;
end; {function sumit}
Mi s
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wction simpson(a, b,small:real) real; {*%x¥*nexted in probint}
fg[mpson's rule integration of f{x) from a to b. Stops when doubling
(t;e number of integration points changes the integral by less than
the value “small”.

}

var
b, 11,12, 0ddsum, evensum, sum:real;

n:integer;
begin
n:=4;
h;:{b-&)/(z*n);
avensum:=sumit(a+2%h, 2%h,n-2);
oddsum: =sumit{a+h, Z%h,n-1);
sum: —oddsum+evensum;
12:=f(a)+2*evensum+d*oddsum+f(b);
12:=(h/3)XI12;
repeat
11:=12;
n:=2*n;
hz=h/2;
evensum: =sum;
oddsunm:=sumit(a+h, 2%h,n-1);
sum: —oddsum+evensum,
12:=f(a)+2*xevensum+4*oddsum+f(b);
12:=(h/3)%12;
until (abs({IZ-I1)<small) or (n>5@9@);
simpson:=12;
end; {function simpson}

function Newton(initialguess, pt:real):real; {**%¥*¥nested in probint}
(Uses Newton’'s method to iterate to a point z with
probability(noncentralt(z):pt_

}
var

F:real; {F= dist. fctn for noncentral t at pt}

x@:real; {last iterate}

xl:real; {new iteratel}

x2:real; {newest iteratel}

begin

x@:=initialguess;

repeat
if (x@<(L+U)/2) then F:=simpson{L,xd, 10E-7)
else F:=l-simpson(x@,U, 10E-7);
x1:=x@-( (F-pt) /density(xB,d,c,n));
%2 :=xd;
D =x1;

until (abs{x1-x2)<10E-5);

Newton:=x1;

end; {function Newton}

?mgin {procedure probint}
c:=constant(n);
limits(L,U};
writeln{’'Percentile now calculated:’);
initialguess:=d;
for j:=1@0 downto 1 do begin
pt:=@.05%;;
pljl:=Newton(initialguess,pt);
initialguess:=pljl;
write(’ TL8%3);
end; {for}
initialguess:=d;
for j:=11 to 19 do begin
pt:=0.85%3;
pljl:=Newton(initialguess,pt);
initialguess:=pljJ;
write(’ Y oBEFY;
end; {for}
end; {procedure probint}

begin {main program stedinger}
writeln(’input the number of data points’);
read (nodatapoints);
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writeln;
writeln(’input skew coefficient gamma’);
read({gamma) ; &
writeln;
if abs(gamma)<@.@1 then
GammaNotZero:=false
else
begin
if (gamma>@) then gammapositive:=true else gammapositive:=false;
b:=4/sqr{gamma);
GammaNotZero: =true;
end; {of else}
writeln(’Computation will be for the T-year flood. Input T.');
read(T);
writeln;
tp:i=inverseF(1-1/T); {F N(©#,1) d.f.}
Zp:=tp;
if GammaNotZero then
begin
if gammapositive then tp:=WilsonHilferty(tp,b)
else tp:=WilsonHilferty(-tp,b);
if gammapositive then Kp:=(tp-b)/sart(b)
else Kp:=-(tp-b)/sqrt(b);
end; {of gammanotzero then}

lambda:=sqr(Kp)*{1+(3*sqr{gamma)/4))/2;
lambda:=lambda+gamma*Kp+1;
lambda:=lambda/(1+(sqr(Zp)/2));
lambda:=sqrt(lambda) ;

probint(nodatapoints-1, sqrt{nodatapoints)*Zp); {this computes p[1..198]}
writeln(lst,’ Stedinger's approximate percentiles’);

writeln(lst,”’ for the ’,T:5:1,’ year flood');
writeln(lst);

writeln(lst,” number of data points = ',nodatapoints:4);
writeln(lst,’ skew = ’,gamma:4:2);

writeln(1lst);

writeln(lst,”’ Kp = *,Kp:8:5);

writeln(lst,’ o = % Eps8:8);

writeln(lst, "’ Zp = ',Zp:8:5);

writeln(lst,’ lambda = ’, lambda:8:5);
writeln(lst);

writeln(lst,’ Percentile = Kp+lambda*(zeta-Zp)’);
writeln(lst);

writeln(lst, 'Percent Percentile Zeta’);

writeln(1lst,’ Y
writel(lst,’ ),
for j:=1 to 19 do begin
zeta:=pl il /sqrt{nocdatapoints);
if gammanotzero then temp:=Kp+lambda*(zeta-Zp) e=lse temp:=-zeta;
writeln(lst, j%5,° ‘,temp:8:5,° ozebarBiEY;
end; {for}
end. {program stedinger’;
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