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ABSTRACT

Recent numerical advances in the Complex Variable Boundary Element
Method (CVBEM) provide easier-to-use analysis procedures in the study of
advection-dominated contaminant transport of conservative specie migration
in a steady groundwater flow field. In this paper, the CVBEM is applied to
groundwater advection contaminant transport problems, and the CVBEM
numerical error is evaluated by use of the approximate boundary graphical
technique. DBesides providing actual solutiong to many groundwater flow and
advective contaminant transport problems, the CVBEM ecan be used to
develop analytic test cases 1o be used in numerically calibrating other
groundwater and contaminant transport numerical models for other classes of

problems. In this paper, the CVBEM model is developed by use of a coupled
LZ/Collocation fit to preseribed boundary conditions,
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PURPOSE OF PAPER

The purpose of this paper is to report
on the advances made in using the Complex
Variable Boundary Element Method (or
CYBEM) in the  gpproximation  of
conservative specie contaminant transport
problems. Specifically, the CVBEM is a
numerical boundary integral equation
technique that is useful in deseribing f{low
characteristies of solute transport (for
conservative specie transport that are
transported by groundwater flow hydraulics
{advection)) such as flow paths and steady
groundwater flow timing properties, In this
paper, the use of the CVBEM in eontaminant
transport problems is = extended by
employment of a coupled least-squares
optimization fit (L2) and collocation fit in
meeting the problem's prescribed boundary
conditions. Because the CVBEM utilizes
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approximation functions that exactly solve
the Laplace equation, there is no error in
satisfying the governing potential flow
linear operator equation except in meeting
preseribed boundary conditions, The coupled
L2/Collocation error approach results in
another technique te minimizing this
approximation error. The "approximate
boundary” associated to the CYBEM solution
{i.e., the locus of points where the CYBEM
solution achieves the prescribed boundary
condition values) is used to graphically
demonstrate the accuracy of the CVBEM
model in achieving the solution to the
groundwater flow problem.

MATHEMATICAL MODEL DEVELOPMENT
Several publica‘tions develop the

CVBEM in depth, and the reader is directed
to Hromadka and Lai {(1887) for a thorough
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treatment of the numerical technique
ineluding FORTRAN computer codes to
implement the technique. Publications that
foeus upon use of . the CVBEM in
contaminant transport problems include
Hromadka and Yen (1%88) and Yen and
Hromadka (1986). In sall of these prior
works, the CVBEM 1is based upon a
collocation technique in meetmg boundary
condition values. Use of an LZ norm with
the CVBEM can be found in Hromadka and
others (1987). The current paper is the first
report of a coupled LZ/Collocation method
in matehing boundary conditions by the
CVBEM. A major advantage of the
L2/Collocation method over just L2 or
Collocation alone, is that the CYBEM
"approximate boundary” (see Hromadka and
Lai, 1987) is more readily developed
(primarily at the interface between
prescribed groundwater flow potential and
normal flux boundeary conditions), and the
departures (i.e., distance) between the
approximate and true problem boundaries
are diminished over use of the Collocation
method alone.

COMPLEX VARIABLE DOUNDARY
ELEMENTS (CVBEM)

The CVBEM is a numerical
approximation of the Cauchy integral

formula of an analytic funetion w(z) over a
domain 2 and simple closed contour T within
&2,

1 wlg)dg
olz) = J (1)
2mi C-z

where w(z) = ¢(z) + ip(z); ¢(z) is the two-
dimensional potential funetion and y{z) is
the two-dimensionsl conjugate of ¢{z); and
where at least one point value of ¢{z) and
w{z) are known on I'.

Flux values of the potential, ¢{z), on T
are related to P(z) by the Cauchy-Riemann
relationship

[ oy

| 8¢ | !
—‘=~—J (2)
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where n and s are normal and tangential
vector components along T, respectively.

Equation (1) is approximately solved
by use of (for example} one-dimensional

present two

spline functions of ¢(z)} and ¢(z) defined on
small segments (boundary elements, T'3) of
r. Nodal points, with coordinates gz;,
j=1,2,++,n, are placed on T, and eac%
boundary element T'j is a straight-line
segment with endpoints zj and zj+3. A
global approximetion function of w(z) on the
union of boundary elements, Ul“], is defined
by G1{z) where

G1(z) = Z Nilz} wj (3}

J-..
where w; = = ¢+ ij are nodal point j values
ofw(z) d)(z) lj)(zf and N (z) is a piecewise

lmear comp ex polynomial satlsfymg for all

{ 1, z = zj
Nj(z) = 0, =z = zj1,zj+1 @)
0, z ¢ Tjq1 UTj
Substituting the Gy(z) approximation ({(the
subscript 1 refers to a first-order spline

function family) into the Cauchy integral
equation results in

. 1 6, (cide
J .
;

wylz) = —
2m - L~z

where wy{z) is the CVBEM approximation,
which is a linear combination of n pairs of
nodal point values ¢J and P, wherein n
values are known via prescmbed boundary
conditions, leaving no more than n unknown
nodal point values. Convergence of 01(z) to
the exact solution of the potential flow
problem {i.e., steady state groundwater or
advective contaminant transport) depends
on the uniform convergence of Gi(z) to w(z)
on I,

The aforementioned references
techniques in developing
estimates for the unknown CVBEM nodal
values by use of a collocation technique, and
b% use of a L2 technique. The coupled

L4 /Collocation technique is described In the
following section of this paper.

L2/COLLOCATION
The CVBEM approximation function,

&1(:5), based upon first order spline
funetions, can be written as (for problems
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unsolved by a  first order

polynomial)

complex

n
wi{z) = ‘El Cilz - 2 Lnfz - ) (6)
J=L

where Ln is the complex natural logarithm
function and Cyj are complex constants C; =
aj +i8y for  J=1,2,-,n. A collocation
technique to solving for the CVBEM
unknrown constants (i.e., unknown nodal
values) is to set implicit relationships
(Hromadka and Lai, 1987}

Im(w(zj) = {P\(Zj)
. . ()
Relwl(zj)) = #zj)

where Im and Re are the imaginary and real
components of w(zj), respectively, and ¥(zj
or ®(z;) are the unknown nodal values,
respectively. Such an implicit relationship
results in & Fredholm equation of the second
kind.

An 12 relationship is to minimize the
integral objective function, ),

A 2
- 2 o o
Xz (9-0)7dr+ g - g5) o (8)
T r.
¢ v
refer to the preseribed
potentia normal flux boundary
conditions, respectively. The numerical
procedure for minimizing X can be found by

the wusual Gram-Schmidt procedures as
discussed in Hromadka and others {1987).

whera 'y, and T
? and

The coupled 1.2/Collocation procedure

is a four step process:

(1} Locate all "interface" nodal points on
I' wherein hoth ¢ and the nermal
derivative of ¢ are known.

{2} At all interface nodal points, zy, set
dual nodal equations:

Re(uwlzy) = dz) = oy
Im(Bzk) = vlzk) = bk
where both ¢ and ¢k are known nodal
values.

(3} At all non-interface nodal points,
solve for unknown nodal values by the
1.2 formulation {exeluding the
interface nodal points already solved).

~are exceptional points,

It is noted that the resulting CVBEM
approximation funetion is equivalent to just
the L? approach with massive weighting of
CVBEM nodal values at the aforementioned
"interface” type nodal points on T.
Additionally, this CVBEM approximation
exactly achieves the problem boundary
conditions at these "interface" nodal points
on I'. It is noted that the interface nodes
which are " the
common endpoints of the adjacent boundary
where  different types of boundary
conditions (i.e., Dirichlet and Neumann) are
given.

An additional fourth step is used for

- computational purposes in developing the

CVBEM "approximate boundary" (see next

section):

(4) At all boundary corners {or locations
in UTj where Tj-1 and Tj join at an
angle O #m at zj), collocate the known
boundary condition (say ¢ j is known at
zj) to equate to w(zj:

Re(ii(z9) = ¢;
or similarly,
Im{fﬁ(z_]')) = U3
where ¢jlor wj} is known at zj.

APPROXIMATE BOUNDARY

. The CVBEM approximation function
w(z} = ¢(z) + ib{(z) has the property that both
#{(z) and Y(z} exactly solve the Laplace
equation in the interior of &, both are
continuous functions on I', and both are
conjugate functions. Additionally,
depending on the success in the numerical
model by placement and number of nodal
points on I {and hence the goodness of fit of
G1(2) to wlz) on I'), ¥(z) = ¢(z) on 4 and
(z) = P(z) on Iy.  The "approximate
boundary"™ concept graphically demonstrates
the success in &(z) matching the prescribed
boundary condition values by the
development of the approximate boundgry,
I, which is the locus of points where & (2}
achieves the boundary condition values.
(romadka and Lai (1987) develop  the
approximate boundary eoneept in detail.)

From steps (2) and {4) of the previous
section, one is guaranteed that and T
coineide at all "interface” nodal points anc
all carners of UT{ (and hence corners of I).
Execluding corners of {UT'y, let z* be a p_oim
on I' (which is a straight-line segment in ¢
neighborhood of z*). Then the approximate
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boundary is located with normal and
tangentlal coordmates {n, s) (n*, s*) such
that z* = (0,5%) and |n is the Jormal
distance between Pand T w1th s =g* F 15
found by locating . where b(n*,s*) = cb{ﬂ s*)
on Ty and \ghere w(n ,% *y = w([} s*) on T
{or where = in*,s*) =9 (0,5%) on Iy). It
is ap arent® that at all’™interface” nodes,

©(0,s") = w(0,s*), and hence I and T
intersect at interface nodes, by step {2} of
the L#/Collocation procedure.

Using a dense set of {0,5*) point
locations onI', the approximate boundary T
is found, that corresponds to the CVRBEM
w(z), and the goodness of the CVBEM
approximation is readily seen by comparing
T and I'. Should I' = T everywhere, then >z
= w(z) on BUT. Additionally, if the analyst
is willing to accept ' as the "true" boundary
of the problem, then w (z) is the "true"
solution of the redefined boundary value
problem.

SOURCES AND SINKS

The CVBEM develops an analytic
function on {1, Sources and sinks are
introduced by adding the complex logarithm
function In{z-zp) (Yen and Hromadka, 1986)
for each source sink at location zp, to the
CVBEM approximation function, w(z). The
composite CVBEM approximation is analytic
everywhere in @ except for all locations zy,
and the branch-cut originating from each zp.

APPLICATION TO ADVECTIVE
CONTAMINANT TRANSPORT PROBLEMS

In order to demonstrate the above
desecribed  procedures three selected
contaminant  transport  problems are
considered, the first twe which demonstrate
the aceuracy achieved as manifested by the
closeness between the approximate and true
boundaries of the problem. In all problems
considered, equally spaced nodes are used.
Other nodal placements are possible, with
similar results,

Source-Sink Problem

In this llustrative problem, a simple
groundwater well and injection well are
installed in a flow-field, Figures la,b,¢
demonstrate the approximate boundary T
developed from use of CVBEM
approximations for twe different nodal point
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configurations, In Figure le, the closeness
of T to T suggests that the underlying
CVBEM approximation funetion is a good
estimator of the background = potential

15,000 m
4 SOURCE
El ~+——— UNIFORM
3 {a} -~ FLOW FIELD
o —
SINK - -
A 1000
P2
%
{ *
y
{b)
1]
- [+
MAXIMUM ~—_ A
DEPARTURE r
LESS THAN !
40 m i
E'S
{c)
*
Figure 1.

(a) Problem Definition,

(b) CVBEM approximate boundary for
50 nodes on T,

(e) CYBEM approximate boundary for
66 nodes on T.

problem. And if T is acceptable as the
"true" probiem boundary, then the CVBEM
approximation would be the exact solution.
The Figure lc model is developed by adding
16 nedal points to the CVBEM model of
Figure 1b, focusing at the domain corners
near the source and sink.

Landfill Eveluation

Figure 2 depicts the application of the
CVBEM and approximate boundary
techniques fo a landfill contaminant
transport problem, Injection wells are
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problem is further studied regarding
contaminant arrival times.

15,000 m .
Application A. Here we will consider the
pop— : steady flow produced by a single pumping
WELLS well (50 m3/hr) near a landfill site with an
£ * o LANDRILL equipotential boundary (¢ = 2 m) along the
g _ coordinate y = 1006 m. As shown in Figure
g 3, it takes the contaminant front{ produced
POTABLE WATER by the landfill 9.0 years to reach the
pumping well,
A r ) 1000 y
1
* g 500 -
®
G -
BePaRTIRE .~ g
OF 50 m-_Er-—‘/ zZ o |
sl
A (2]
£T a i
=800 —
* »
——NOTE " FIT TO T
* % AT LANDFILL SITE |
*
I MaXiMum
e o0 '
FROM T —"" 1000
DISTANCE {mj
Figure 2. Figure 3. Case A.

(a) Problem Definition,
(b) CVBEM approximate boundary for

60 nodes, 1000
(¢) CYBEM approximate boundary for

70 nodes.

500

considered to offset the effects of
contaminant flow to the potable water. In
Figures 2b and 2c¢, the addition of CVBEM
nodal points improves the modeling
accuracy as manifested by the reduction in
departure | between the  approximate
boundary, T', and the true boundary, T'._ The -500
maximum departure of 40m between T and

T, in Figure 2e, is negligible in comparison

to the overall scale of the problem; that is,

the magnitude of difference between energy 1000
head values along ' are minor.

DISTANCE (m)

DISTANCE (m)

Contaminant Transport Arrival Time

Figure 4. Case B.
In the following two applications, the .
CVBEM landfill contaminant transport

— . R vant 121 A WNoo 2 85
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Application B. When two injection wells are
installed between the landfill and the
pumping well, their influence on retarding
the contaminani movement can be assessed,
When 10 mS/hr is injected at each well it
takes more than 13 years for the
contaminant front to reach the pumping
well (see Figure 4).

The results of Figures 3 and 4 are
based upon a 75-node CVBEM model,
Additionally, the approximate boundaries I
for each CYBEM model deviated only a few
mmeters from the true problem boundary
shape, I', and from the geometry of the

landfill boundary. That is, I deviated from
I' well within the measuring tolerance
possible in the field. IHence, the CVBEM
results are exaet should [ be conmdered the
true geometry of the problem. The
L2/Collocation gpproach was useful in these
applications due to the reduction in effort
needed to develop the approximate
boundaries for numerical error evaluation
and subsequent CVBEM model fine-tuning.

CONCLUSIONS

The CVBEM is applied to groundwater
advection contaminant iransport problems,
and the CYBEM numerical error is evaluated
by use of the approximate boundary
graphical technigue. Besides providing
actual solutions to many groundwater flow
and advective contaminant  {ransport
problems, the CVBEM can be used to
develop anglytic test cases to be used in
numerically calibrating other groundwater
and contaminant transport numerical models
for other classes of problems. In this paper,
the CVBEM model is developed by use of a
coupled L2/Collocation fit to prescribed
boundary conditions,

The coupled LZ/Collocation method
used in the CVBEM results presented herein
was found to be useful in the development
of the approximate boundary. The
L2/Collocation method was similar in
computational effort to either the L2 or
Collocation approaches separately, but
significantly simplified the plotting and
definition of approximate boundaries
corresponding to the CVBEM models.
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