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Resuits from a Mathematical Model of Frost Heave

G.L. GUYMON, R.L, BERG, T.C. JOHNSON, AND T.V. HROMADHCA 1T

A one-dimensional model for simulation of frest heave in & vertical soi celumn
is presenten. The modei is baged on simultaneous computation of heat ang
moistuts transpary i 3 freexing o thawing soit. Thermal processes at the
fraezing frant ars approximated by a lumped isotharmal approach. The model
aceurately simulates frast heave, soil pore-water pressures, and temaratitas
when compared with & laboratory freezing cotumn; however, 1o achigve adegquate
corTetation certain model parsmeters must be datermined by calibration. Be-
cause the madel, like the frosl-hetve process irself, is highly sensitive 1o en-
virenmental and soil perametery that are variabde in both thime and spate,
purely deterrministic siulations will not provide sufficiantly acourate gredic-
tions, Censequentiy, further development of the moded is requirad in arder

o indude a statisticei-profabilistic apprasch for estimating frost heave within
specified capfidence limits.

Since July 1975, the PFederal Highway &dministrarion
{FHWA}, the Federal Aviation Administration (FaaAL,
and the U.3. Army Cold Regions Research and Engi-
neering Laboratory (CRREL) have been engaged in 2
jointly funded project to develop a better under~
ztanding of freezing and thawing processes in
sails., The main thrust of the research has been the
development of more suitable methods for analyzing
and simulating potential Erost heave and thaw weak-
ening in prototype embankments. The componeat af
the research reported here is the development of a
mathematical model of frost heave. The other com-
ponents of the research are the development of a
sne—dimensiocnal laborarory freezing and thawing soil
calamn (L and a paper oy Ingersoll and Bery else-
where in this BRecord}, the collection of field data
on frost heave and thaw weakening {2}, an evsluation
of soil frost-susceptibility index teste (see the
peper by Champerlain elsewhere in this Record). and
an evaluation of thaw weakening of soils {see the
paper by Cole, Irwin, and Johnson elsewhere in this
Record) .

it has been recognized for some time ({2) that
frost-heave—-sucsceptibility criteria for soils and
associated laboratory test methods in Sufrent use
are unreliable. Soils that meet established cri-
teria may experience frost heave while other soils
that do not meet the criteria may be free from frost
fheave {3). The original purpose of the mathematical
modeling research was to develop a tool to correlate
regulte of laboratory tests of frost susceptibility
with pavement frost heawvas measurad in the tield.
The development of a mathematical model wag seen as
a practical way to integrate most of the complex
gs0il thermal and hydraulic characteristics with the
snvironmental facters that influence a given soil
profile. part of our initial objective was to
idantify the most significant parameters that influ-
gnoe frost heave in a given soll in order to agsess
and develop impraved laboratoery tests of frost-heave
susceptibility. As our study progressed, it became
apparent that the mathematical model has usefulness
heyond the original objective and can probably be
applied directly as a design aid or tool. It is em-
phasized, howaever, that laboratory tests will still
be required to characterize the parameters of the
mathematical nodel,

BASIS OF MATHEMATICRL MODEL

Guymon and others (4] briefly rtevigw the curgent
literature related to modeling frost heave and beat
and moisture transport in freezing Soils and present
most of the details of the development of the mathe-
matical model. Although it is recognized that in

many sltpaticns a twoe-dimensional or even a three-
dimengional process is involved, a one=dimensicnal
approach was taken in order to simplify the computa-
ticnal problem and concentrate on demonstrating the
validity of the meodeling concept. In fact, at the
time the research was begun in 1975, the modelind
approach was regarded as a relatively high-risk re-
search effort. At that time, only Harlan (5) and
Guymon anpd Tuthin {&} had shown modest succesa in
modeling coupled heat and wmeisturs movement In
freezing seils. They assumed wmoisture movement in
freezing soils gould be approximated hy unsaturatad
flow theory, and they did not consider ice segreda-
tion and associated frost heave.

Cur moviel is based on the one-dimensional equa-
tions of moisture and hear trapsport in a vertical
s0il column, Assuming Darey's law applies and in-
serting it into the continwvity sgquation yield

(B ax) Ky Be/ox) = (30, /at) + M, n
where

% = wartical coordinare (positive downward);
Ky = hydraulic conductivity = KRyie,8;):
¢ = total hydraulic head = ¥ - x, where % eguals
the pore-water-pressure head;
8, = volumetric water content:
t = time; and
My = a meisture sink due to ice formation = pj338¢/
pwit, where p is ire and water density and 8y
is ige content.

The coupled heat trapsport eqguation for a freez~
ing seil column is given by

{afaxj (KpaT/ax) - C, w(0T/ax) = Cy, (9T/31) - LM, 2)
where

Kp = thermal confuctivity of the soil-ice-water
mixture,

temperature.

volumetyric heat capacity of water,

ligquid water velocity flux,

volometric heat capacity of the soil-water-
ive mixture, and

L = yolumetric latent heat of fusion of water.

Enﬂ'{zii
Wonowow

The lipesarized moisture transport and heat transport
equations wers independantly verified for simple
equations {2), The equations of moisture Lransport
and heat transport are coupled through the parame=-
ters that arise {n their derivation, and these
coupled nonlinear eguations can only be verified by
comparison with laboratory or field data. Parame-
cars such as thermal conductivity and volumetric
heat capacity of soil-water-ice mixtures aye com~
puted by usind the DeWrigs rtelations (7} or similar
methods. Scolution of the moisture tganspdrt equa-
rion reguires a functional relation bhetween pore-
water pressure and water content [e.g., Gardner's
relation (8)1].

A significant aspect of this model is the manner
in wpich phase—change effects are handled and ice
gegregation iz assumed LG ocrtur. We have assumed an
isothermal freezing process in which a heat hbudget
for a finite volume of freezing s=soil 15 estabplished
{%). The =o0il is considered entirely frozen only
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when latent heat effects are satisfied for the
amount of water present in excess of an unfrozen
water content factor (8pl; i.e., the water that
would remain unfrozen at a preselected subfreezing
temperature (10}. This method of handling phase
change is kantamount to computing small changes in
heat evolution rather than solving the heat trans-
port equation for small changes in temperature. Be-
cause Pphase-change processes dominate the thermal
process, this manner of computing phase—change ef-
fects provides certain numericzl advantages by per-—
mitting large spatial discretization and large com-
pautational time steps, ice segrzgation iz assumed
to occur if, within a finite wvolume of soll, the
frozen water plus the unfrozen water content factor
exCeed the original porosity of the soil. Figure 1
shows the computational algerithm and the formation
of segregated ice (8g) during a certain time
level,

The ¢, parameter establishes the pore-water
pressure at the freezing front for the solution of
the moisture transport eguation. The lower hy-
draulic boundary condition 1s uswally the water
table, Overburden effects ({¥,), which tend to
restrain frost heave, are modeled by adjusting the
pore-water pressure at the ice segregation front by
the weight of the overlying material and surcharge,
thereby limiting the amount of water drawn toward
the freezing front.

This model of the complex freezing and ice segre-
gation process is a macroscopic lumped thermodynamic
model that ignores the complicated and poorly under-
atond migroprocesses that occur in the freezing
zone. Su¢h processes as regelation and problems as-
sociated with water-ice film pressures are not in-
cluded in our model. In summary, the model is based
on macrophysics equations. Specifically, it is as-
sumed that:

1. Moisture transport in the onfrozen zone is
governed by the unsaturated flow equation based on
Darcy's law.

2. Moisture flow is wia liguid movement and
vapor flow iz negligible.

3. Moisture flow in the frozen zone is neyligi-
ble.

Figure 1. Typical model simulation result ar given simulation time level.
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4, The unfrozen zone iz nondeformable.

5., Boil pore-water pressures in the freezing
zone are governed by an unfrozen water content
factor.

6. &ll processes are single wvalued; i.e., there
iz no hysteresis.

7. Heat transpert in the entire soil colymn is
governed by the sSensible heat transport equation,
including a convective term.

8. The frozen zone is deformable for determin-—
irmg thermal parameters.

9. Salt exclusion processes  are negligibles
i.8., the Ereezing-point depression of water is con-
stant,

10, Phase-change effects and moisture effects
cah be modeled as decoupled processes.

11. Freezing is an isothermal process.

12. Congtant parameters are constant with re~
spect to time.

Numerical solution of the governing equations
discugsed above, subject to their respective boun-
dary and initial conditions, is by either the sub-
domain method or the finite element methed {(3.11).
The one-dimensional solution domain is divided into
a numper of variable=length "finite alements", where
parameters are assumed temporarily constant but may
vary from element to element and from time to time.
The state variable in each element is assumed to be
dascribed by a linear basis function in such a way
that the state variable is continuous throwghout the
solutjon domain (3}. The time domain sclution is by
the well-known Crank-Nicolaon method (12). The
governing equations are reduced to a set of explicit
algebraic equations that may be solved on the "mini®
class of computers f(e.g., the PDP 11/34}., One of
our main objectives is to provide a mathematiecal
model that is efficient and c¢apable of operating on
readily available small computers.

Application of the modsl reguires the following
soil hydraulic and thermal parameters:

1. Relation between water content and pressure
{tunfrozen soill,

2. Relation between unsaturated hydraulic con-
ductivity and pore pressure {(unfrozen 501i1),

3. Hydraulic conductivity correction factor for
partly frozen soil,

4, Soil porosity.

5. Boil density,

6. Relation between subfreezing temperature apd
unfrozen water content for the soil,

7. B5o0il thermal conductivity,

8. Soil heat capacity, and

9. Soil-water freezing-point depression.

Thermal parameters for water and lce are included in
the model. The above-~required parameters must be
determined in the laboratory, or wvalues must be as-
sumed in order to use the computer model. In addi-
tion, the model requires the following auxiliary
conditions:

1. Initial conditions for pore pressure, Ice
content, and temperature;

2, Soil-surface boungary conditions for pore
pressure and temperatures (may vary with time}; and

3. Lower boundary conditions for pore-water
pressure and temperature (may vary with time).

To conduct a computer simulation of frost heave, a
column length must be specified {e.g., 1 m}), and the
total length must be divided into sublengths {finite
elements) that are on the order of 1 cm. Time solu-
tion factors are specified, such as time-step size
and total simulaticon time.



VERIFICATION RESULTS

preliminary verification of the model is discussed
elsewhere {(Z,4). The model verification work will
we expanded on hete, and additional results will be
presented.

The primary emphasis of our verification has been
te compare simulated values of Frost heave, soil
pore-vater pressures, and sotl-water~ice  tempera-
tures with corresgonding actual values measured in a
laboratacy soil column. Berg and others {1) de-
seribe the =soil column and present datz for Fair-
banks silt, which i¢ the primary test soil consid-
ered to date,

The test column £illed with Fairbanks =silt wa=s
subjected to varicus boundary conditions, and frost
heave was measured while a 15—-¢m length was frozen.
The lower potrtions of the column were unfrozen with
a water table initially aDproximately 45 om below
the top of the column. Laberatory analyses of Fair—
banks silt were c¢onducted to determine soll  hy-
draulic properties. These parameters and boundary
conditions were approximated as input data for the
mathematical model simulaticns, Two cases were used
for comparisen, The first case was a llf-day simu-
lation for nearly unrestrained heave in which a nom-
inal surcharge of 3.4 kPa was applied to the top of
the =201l celumn. This case wag alse used for an ex-
rensive sepsitivity analysis of the parameters. The
second vase considered was a problem of restrained
neave in which =2 34.5-kPa surcharge was apblied to
the top of the laboratory column.

Figure 2 shows a comparison of measured and simu-
lated heave for the small-sortharde case. Fore-
warer pressures and locations of the 0°C lsotherm
were also compared (4}, and pood agreement was ob-
tained between the model and the soil column {see
Table 1). The simulated frost heave shown in Figuze
? was achieved bafgre incorparation of a corzection
factor for the hydraulic conductivwity in the €reez-
ing zome. Slight {within 10 percentl adjustment of
the laboratory—derived soil moisture characteristic
curve (soil water pressure versus water content) was
required in order to achieve the results shown in
Figure 2 and given in Table 1. 2s Figure 2 shows,
the rate of heave during the initial 25-day period
is accurately computed. Total heave is simulated
relativaly well for the entire test. The laboratory
501} column had essentially ceased heaving when the
test =nfed at 40 days, and the model also exhibited
no additional heaving after about 40 days., Parame~
tars in the model were varied singly and in pairs to
test theiyr sensitivity for the early 25-day period,
which showed the maximum heave rate. For Falirbanks
silt, tha unfrozen water content factor was the most

vd heave in vertical column of Fairbanks

Figure 2. Simulared versus
1t with nominal surcharge.
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Tabla 1. Comparison of simulgted and d frost-heave data for 3.4-kfa
surcharge,
Type of Data £ Days 1% Days 15 Davs
Laboratory
Frost heave tcim) 1.4 2R 4.0
0°C isotherm depth (em) " 11 1
Moisture tension it 24-cm, = 204} =300 =2
depth {cm of water}
Simnuiated
Froat heave fomd L3 2.8 3.9
0°C isatherm depth (em} 4535 3-10 i0-12.5
Moisture tension gt 2d-cm Lk} 130 150

depth fem af water}

critical parameter. Sengitivity apalysis discloged
rhat the model is highly sensitive to pore-water
pressure versus water content and bydraulic conduc-
rivity parameters and is less sengitive to thermal
parameters. A fairly substantial variation in ther-
mal Parameters.doves not significantly affect simu-
lated frost heave betause the thermal process is
daminated by the phase-change process and sensible
heat conduction and convection Ao not play predomi-
nant tales. Processes occurring in the freezing
zone dominate the soil~heaving process where the
supply of water and the rate of heat extraction are
the mogt significant factors.

In an effort ta cambine the sensitiwvity of vari-
ous hydraulic parameters into ane parameter and also
to improve the agecuracy of model gprediction, a cor-
rection factor for hydraulic conductivity in the
freezing zonme was included in the model. This fac-
tor accounts for the decreased hydraulie conductiv-
ity due to ice formation in soil pores and is de-
fined as

(¥, 8,) = K(¥) - 107 % (3}

where Ep; > @ and Ki¥) is determined from
the relation between nydraulic cenductivity and pore
pregeure for unizozen socil, Currently, the E factor
must be determined by calibration for a given soil.
When we have more ewxperience with application of the
model to a tange of =zeils, it may be possible to se-
lect a suitahle walue without calibration or resting.

Figqure 3 shows a plot of frost heave versus time
for the small-surcharde Faitbanks silt case (also
shown in Figure 2) for the first 25 days. With no
tuning of the various parameters, and with E se-
lected egqual to 8§, the simulated heave almest ex-
actly duplicated the experimentally measured heave.
Figure 3 also shows the effect of varying the E
parameter. When this parameter is included, other
parameters such as K(¥) and 8, show less sen-
sikivity. The sengitivity of thermal parameters re-
mains negligible.

Figure 4 shows the resultz of a 25-day simulation
of iestrained heave {34.3-kPa surcharde) compared
with laboratory heave data. As can be seen, simu-
lated heave c¢losely approximated the laboratory
data. Exact comparison 1% somewnat difficult be-
cause of the need to use approximate poundary con-
ditions in the simalation.

Medel simulations were also compared with data
from the Tomakomi field site in Japan {13}. Soil
properties determined from laboratory data, toqather
with approximate boundary conditions. were usad to
simulate frost heave, which is compared with mea-
sured frost heave (Figure 5}. The first five days
of the heave process were used tao calibrate the E
parameter to a wvalue of 5. As can be seen, Eair
agreement was achieved without adjusting the other
parameters. Further attempts to more accurately
compute frost heave and frost depth were considerad
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Figure 3. Simulated versus measured frost heave in vartical column of Fairbanks
sit with nominat surcharge showing effect of *2() percent variation in E
paramater {dashed Jines},
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uhwallanted begause the upper tempetature boundary
condition was not accurately known. Very limited
sensitivity analyses for this case were performed,
It appears that the Tomakomi silt is much less sen-—
sitive to hydraulic parameters than the Fairbanks
silt.

To Eurther vecify the model, it is alsc being ap-
plied to other field data. Several sets of field
data were obtaipned from the Winchendon test area in
northwestern Massachusetts. Figure 6 shows measured
and computed frost heaves and frost  depihs  for
Ikalanian silr during the 1978-1979 winter. Labora-
tory-determined values of hydraulic conductivity and
other parameters required by the model were used in
the simulation. Boundary conditions and initial
conditions for the 1%78-1979 winter were estimated
ar determined from the field data and were applied
to the model. pericds from 50 to 70 days were used
to calibrate the E parameter, As Figure & shows,
computed frost heave doss not compare with measured
frost heave as well as in previous simulations.
Simulated frost depths are about the same as those
measured in the field except during the spring thaw
pericd (day 70 and beyond), when predicted frost
penetration is toa shallow. The discrepancy may be
due to rather large elements (10 cm) used on the
botkom of a 1-m simelation column. Seweral periecds
of thaw during the 1978-1979 winter are also approx-
imated by the model. 1In particular, the spring thaw
from day 80 on was approximated accurately in terms

3

Figure 5. Simulated versus d frost heave and frost panstration for
figld tank with Temakomi silt.
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of both thaw consclidation and thaw depth. The dif-

ficelty in accurately simulating the entire record
is probably due to the fact that there were a number
of freeze-thaw cyeles during the year. Cyclic
freezing and thawing causes parameters te change
with respect to time, but the model assumes parame-
ters that are inwvariant with respect to time.

DISCUSSION OF RESULTS

Development of the Erost-heave model has progressed
to the point where both restrained and unrestrained
heave can be simulated in relatively wellwcontrolled
cases. Farther study is, however, required to im-
prove or extend the model.

The sentitivity problem neads further stedy. The
fact that the model is sensitive tp certain parame-
ters should not he a surprise, since the frost-heave
process itself is highly sensitive. Slight differ~
ences in environmental and/or soil conditions cause
markedly different results. More complete physics-
based information on the ice segregation process may
reduce some of the sensitivity. If such information
should become available, it capn be included in the
model; however, it is probable that purely determin-
istic sumliations will never be adeguate ne mather
how complete our knowledge. It therefore seems in-
evitable that some form of 2 probabilistic medel
must be associated with the deterministic model. 1In
other words, a deterministiec simulation can be per-
formed znd then simulated frost heave would be pre-
sented in terms of confidence bands based on given
or anticipated variations in parameters and boundary
conditions. Research on this aspect of the problem
has already commenced and will be reported at a
later date.

The model needs to be extended to include thaw
weakening. We will develop an algorithm for esti-
mating temporal variations in the resilient modulus
{or some other parameter reflective of the strength
of the pavement system), especially during periods
of thaw weakening.

The third area of concern is the dissemination of
the model and its use by enginecrs. The model is
somewhat complex and will not be readily understood
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Figure 6. Simulated versus d frost heave, froat E
penatration, and thaw depth for lkalznian uit during P r~
1978-1879 winter at Winchendon, M o 2 g 1 () Measured Frost Heave or Penetrghon
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by many practicing engineers., We are attempting to
simplify the code to provide a model that is versa-
tile and usable on small, readily available comput-
ers. During the next year or more, a wmalar etfort
will be to make the model more readily usable by the
practicing engineer.
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Evaluation of a Self-Refrigerated Unit

for Frost-Heave Testing

K., LOMAS AND R.H. JONES

The British Transpert and Raad Research Labaratory (TRAL) frost-heave
wist, in which spacimens ara frozen from the top downward in an open sys-
s for 250 b, is specified in terms of 3 cold room b is more often under-
taken in & saif-refrigerated unit (SRUL. [n both units the air termperature

abowe the speci is ar-17°C and the watee hath at +4°C. The
maximym permitted heave is 13 mm in England and 18 mm in Scotland. A
comparativa study involving six aggregates of 40-mm maximum size and
covering a range of geological types and gradings was undariaken to estab-




