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A simple numerical model for estimating a phreatic surface in an earthen dam is presented. The
numerical approach is based upon the Complex Variable Boundary Element Method (CVBEM).
By expanding the CVBEM approximation geometric functions into a first order Taylor series, the
unknown phreatic surface location geometrics can be approximated without iteration by solving a
single matrix system. The developed technique provides for the numerical sclution of the inverse
problem of locating the phreatic surface coordinates. A comparison of results produced from this
simple approach to results produced from a finite element analog and an iterative CVBEM analog

for an example problem is presented.

INTRODUCTION

The classic problem of estimating the free water { phreatic)
surface in a4 homogeneous isotropic soil has been the sub-
ject of several papers and reports in the literature. In all
cases, either a domain method (such as finite difference or
finite element) or a boundary element technique {such as
a boundary integration equation formulation or complex
variable approuch) is used to develop the approximate
seepage face and corresponding approximate water-surface
elevations, and an iteration procedure is used which adjusts
the phreatic surface elevations until the predicted potentials
coincide with the surface clevations.

In this note, a simple procedure for estimating the
phreatic surface without an iterative procedure is presented.
The approach is also bused on the Complex Variable
Boundary Element Method, or CVBEM,' but produces
estimates for the phreatic surface elevations with a single
matrix solution, as against by iteration in the previous
approaches.

MODEL DEVELOPMENT

The CVBEM procedure is developed in detaif in Hromadka
and Guymon.' The numerical method develops an approxi-
mation function which is analytic in its simple connected
complex domain of definition which is enclosed by a simple
closed contour boundary. The basis of the method is the
Cauchy integral theorem which determines the values of an
interior point from a line integral of the values along the
problem boundury. Becyuse the approximator is analytic,
the numerical model solves the Lapluciun exactly for
various boundary condition configurations. Because the
seepage problem can be mathematically modeled by the
Laplace equation. it is possible to apply the CVBEM
directly to the subject probiem.
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PROBLEM DEFINITION

In this paper, the classic problem of groundwater flow
(with a free surface) through a homogeneous earthen
embankment is modeled using the CVBEM. The main
objective is to determine the phreatic surface by solving
directly for the free surface coordinates rather than iter-
ating between the elevanon ¥, and the flow potential, ¢,
until ¢ =y. A boundary condition for the CVBEM model
is the phreatic surface estimated from using the Dupuit
approximation.? The problem considered® is described as
follows (Fig. 1):

Vig=Vy =0, (x,y)E8 (1)
with boundary conditions:
b=—17.5; 6=y, (x,)ETg
Vi is linear; ¢ =24, (x =0,y) €,
Vs linear; ¢ =4, (x =16,¥)€ g
v=0x.y)EFR,

where ¢ is the total energy head and  is the stream func-
tion. On Ig, the phreatic surface, = —17.5 is determined
from the Dupuit-Forchheimer model® of the seepage
problem free water surface h{x) approximated by the
parabola:

hYx)=—35x+576, 0<x<16 (2)
where in equation (2) it is noted that & dh/dx = —17.5.

CVBEM TECHNIQUE

A complete development of the CVBEM numencal tech-
nigue is provided by Hromadka and Guymon,' and in
Hromadka.® [n the following is presented a brief develop-
ment of the CVBEM model using a constant trial function
on each boundary element.

Let c(z) be analytic in domain {2 and on boundary l"
(this implies that «x(z) is analytic in an open domain Q*
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Figure 1. Study problem and modeling results
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Figure 2. CVBEM geomerrics

where QU T is a proper subset of 2%). Then by Cauchy's
theorem:

I [wl(f)df
wlz)=—- [ :

2mi) ¢—z
r

2eQQ, zgbl

The CVBEM develops an approximator function wi{z) by
substituting ¢n approximation for «{{) in the integral. Let
" be subdivided into m boundary elements Ty, j = 1.2, ...,
m. Letting «{{) be approximated by an element central
value @; in each I'; gives:
m d m

Mmiolz) =Y L:J]-‘ — =Y @iz} 3

i =1 {—z 5

ry
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where H;(z) is the solution of the element integral as a
function of point z €. Since &y is specified at the mid-
point §; of [';. the limiting value of &(¢;) is determined by
letting point z € approach {;.' Collocating w(&;) o
wy at each §; gives:

mic = Y @Hi¢L) (4)
i*tk

where &y (and ;) are nodal values defined by:
Gk = g+ iy
and H;({,) is defined from Fig. 2 by:
Hi(€x) = In(lzjey ~ Salilzy = $al}y + 164, ;(8k) (5)

In equation (4), the bar notation indicates that the values
are averaged over the element.

Due to the boundary conditions of the problem, the
boundaries Ty and T'g are completely defined, On Iy,
however, ¥ (and ¢) need to be determined; and on Ty,
¢ needs to be evaluated.

To solve for the unknown values, the complex logarithm
function H;($,) is expanded as:

OH (¢

The values for equation (6) depend on whether the terms
of equation (3) include the varying phreatic surface of I'g.
That is, the phreatic surface is estimated as:

Flx) = hlx)+ Sylx) (7N
where P(x} is the phreatic surface and h(x) is defined by
equation (2). In equations (6) and (7), 8y;, y(x), and 8y
all refer to displacements in the ¥-coordinate at node /,
along the free water surface as a function of x, or at an
arbitrary location, respectively. Substituting equations
(6) and (7) into equation (3) results in a system of m
equations of m unknowns, with some of the unknown
terms combined as products of the form ¢8y. It is seen
from equation (7) that the Dupuit solution to the flow
problem is used as a boundary condition for the CVBEM
model.

9 5y, (6)

HiGe ¥ Sy =H;($)+

MODELING APPROACH

To evaluate the terms of (6), the computer program first
evaluates the change in each H;{({;) with respect to a small
increase in the y-coordinate for the nodes on ['g. Next, in
order 1o simplity the products of the unknown variables,
it is assumed that:
(1) the variation of H;(z) is negligible between nodes on
g and :
(2) for producis of ¢dy, it is assumed that ¢ = A(x) for
nodes on [g; and ¢ is linear for nodes on Iy,

The resulting matrix system is readily solvable by the
usual matrix solution methods (e.g. Gaussian elimination).
Other assumptions may be used in the above simplifica-
tions; however, for the type of problem considered, the
above simplifications were found to be satisfactory,

DISCUSSION OF RESULTS

The results from applying the simple model are shown in
Fig. 1. From the figure, the estimated phreatic surface lies
between A(x) and J(x) where ${x)} is determined from a
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20-node CVBEM iteration solution. Also shown is the
domain solution of Finnemore and Perry.’

Generally, the iteration approach is to average the values
of estimated ¢(x} and y(x) on Tyg until the variation is
negligible, However, with the approach presented in this
note, a good estimate may be obtained by solving a single
matrix which is a function of boundary coordinates.

CONCLUSIONS

The classic unknown phreatic surface seepage problem is
approximated by a CVBEM approach which solves
directly for the position of the phreatic surface without
the use of an iteration scheme. In the phreatic surface
problem considered, good results were obtained by this
technique. Further research is needed, however, in the
evaluation of limitations of the approach, and the possi-

bility of expanding the technique for solving interface
problems such as freshwater-seawater boundaries, or
various other boundary condition problems involving the
free water surface,
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